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The quantum phenomenon of the transmission resonance can be observed in Ag films grown on a Si(111)7�7 surface using scanning tunneling

spectroscopy. It is found that the energy of the transmission resonance moves toward lower energy with increasing film thickness. The formula

used is derived from quantum mechanics to demonstrate that this lowering in the transmission resonance energy is proportional to ðw þ 1Þ2=w2,

where w is the number of atomic layers of film thickness. This relation is justified by experimental results, but only holds for thinner films. The

formula also predicts that the lowest-order transmission resonance should disappear when the Ag film reaches its critical thickness. This

disappearance of the transmission resonance has also been experimentally confirmed in the dI=dV spectrum.

# 2011 The Japan Society of Applied Physics

1. Introduction

In quantum mechanics, the transmission resonance indicates
a situation where particles, e.g., electrons penetrate a one-
dimensional square well without reflection.1) The condition
for this situation is kt ¼ n�, where k is the wave vector of
electrons in the square well with a width t and n is the
quantum number. Although a similar condition is also
applied to the formation of quantum-well states,2–14) the
transmission resonance is related to the scattering of
electrons, which is different from the quantum-well states
originating from the confinement of an electron in a square
well. In reality, one can observe the transmission resonance
in metal films by using low-energy electron transmission
spectroscopy,15,16) and scanning tunneling microscopy and
spectroscopy (STM and STS, respectively).17,18) Previous
studies of Ag films have shown that the energy of the
transmission resonance shifts toward lower energy when
the film thickness is increased.16,18) Since the transmission
resonance originates from electrons scattered by metal films,
its energy level should be higher than the vacuum level of
the metal film. Hence, the lowering tendency should be
terminated at a certain thickness; however, this has neither
been experimentally observed nor studied.

In this work, the formula is derived from the emergent
condition of the transmission resonance. The derived
formula reveals that the energy–thickness relation depends
on the inner potential, interlayer spacing, and effective
mass of electrons in the film. For Ag films, the energy of
the transmission resonance is proportional to ðwþ 1Þ2=w2,
where w is the number of atomic layers of film thickness.
It is found that the experimental data of the transmission
resonance fits this relation very well, confirming the validity
of the formula. However, the formula derivation also reveals
that it holds only for thinner films. The transmission
resonance will experience a discontinuous jump when the
film is thick enough, which is due to the disappearance
of the transmission resonance of the lowest order. We use
STS to study Ag films grown on the Si(111)7�7 surface
and have observed that the lowest order transmission
resonance indeed vanishes at a critical thickness of 27
atomic layers.

2. Experimental Procedure

In this experiment, flat silver films with the (111) face were
grown by depositing silver on Si(111)7�7 at room
temperature.19) The Si(111)7�7 surface was obtained by
annealing the sample at 1400K and then slowly cooling
it to room temperature. After silver deposition, the sample
was transferred to a laboratory-built STM in which the
sample was cooled to 120K. The transmission resonance of
the Ag films is observed by Z–V spectroscopy combined
with the lock-in technique. In the Z–V measurement, the
tip trajectory is recorded with an active feedback at a set
tunneling current, while the sample bias is ramped from 2
to 9V. A dither voltage of 30mV at a frequency of 5 kHz
is added to the sample bias. The amplitude of modulated
tunneling current is extracted by a lock-in amplifier.
During the acquisition of a Z–V spectrum, the signal from
the lock-in amplifier is recorded simultaneously to obtain
a dI=dV–V spectrum in which the transmission resonance
appears.

3. Results and Discussion

The wave vector k under the emergent condition of
transmission resonance

kt ¼ n�; ð1Þ
follows

h�
2k2

2m
¼ Eþ U; ð2Þ

where E is the energy of the incident electron and U is the
depth of the square well. Since the transmission resonance
can be experimentally observed, it is plausible to assume
that there exists a one-dimensional square well in the metal
film in the normal direction and that the width of the square
well is equal to the film thickness. The width t is discretely
increased by increasing the atomic layer of film thickness,
and thus

t ¼ wd; ð3Þ
where d is the interlayer spacing. Substituting eqs. (1) and
(3) into eq. (2), it becomes
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h�
2n2�2

2mw2d2
� U ¼ E: ð4Þ

Since E is the kinetic energy of the electron outside the
square well, it should be larger than zero. Therefore, the
inequality ðn=wÞ > � can be obtained from eq. (4) and

� ¼ 2md2U

h�
2�2

� �1=2

: ð5Þ

Equation (5) involves the interlayer spacing and the depth of
the square well which is the inner potential of the metal film;
thus � depends on the film properties. It can be determined
from the inequality that for a thickness w, there is a
minimum quantum number nmin depending on the width and
depth of the square well and the interlayer spacing. This
differs from the case of the quantum well states in which
nmin is always 1. Using eq. (5), eq. (4) becomes

E ¼ g
n

w

� �2
� �2

� �
; ð6Þ

where

g ¼ h�
2�2

2md2
: ð7Þ

Therefore, as long as � is known, nmin can be determined
using the inequality, then the energy of the lowest
transmission resonance (LTR) for a thickness w can be
calculated using eq. (6).

Figure 1 shows the calculated LTR as a function of film
thickness for four � values in the unit of g. It can be seen that
the behavior of the LTR significantly changes with �. For
instance, Fig. 1(a) shows the case of � ¼ 0:19, which shows
that the LTR moves toward lower energy, but it may
experience a discontinuous jump whenever the thickness
increases by five layers, as shown by dashed lines. The
discontinuous jump occurs because nmin (indicated by
number) has to increase by one every five layers in order
to satisfy the inequality. In the continuously lowering region,
nmin is the same and the energy level of the LTR is
proportional to 1=w2. Figure 1(b) shows the case of
� ¼ 0:81, completely different from what is evidenced in
Fig. 1(a). In the first five layers, the LTR remains the same
and nmin is equal to w. At a thickness of six layers, the LTR
drops discontinuously because nmin becomes equal to w� 1;
therefore, it may increase with the relation ðw� 1Þ2=w2 in
the next five layers. With increasing thickness, discontinuous
drop and ascending behaviors appear repeatedly every five
layers. Figure 1(c) shows the case of � ¼ 1:04, in which nmin

is equal to wþ 1 and the LTR here, specifically named the
lowest-order transmission resonance (LOTR), descends
following with the relation of ðwþ 1Þ2=w2. This relation
can hold for w up to 24. When w exceeds 25, the inequality
demands nmin to be equal to wþ 2, the LTR will thus have a
discontinuous jump, as shown in the inset in Fig. 1(c). Thus,
this LTR belongs to the second-order transmission resonance
and the LOTR vanishes at a thickness of w ¼ 25. As � is
further increased, the thickness range maintaining the
relation ðwþ 1Þ2=w2 for the LOTR is decreased. For
example, in the case of � ¼ 1:18, as shown in Fig. 1(d),
this relation only holds for the first five layers and the
discontinuous jump (or disappearance of LOTR) appears at a

thickness of six layers. On the basis of a previous analysis,
one could, in principle, observe various relations between
the energy level of LTR and the film thickness in real
systems.

In our previous study, the transmission resonance is
observed in Ag films using STS.18) However, owing to the
existence of an electric field in the tip–sample gap, it is
also found that the energy of transmission resonance can
be shifted by changing the electric field.20,21) Since the
emergent condition of transmission resonance in eq. (1) is
for a free electron, one may ask whether various relations in
Fig. 1 can be observed by STS. Since the use of the electric
field is inevitable in STS, the only thing one can do is to
maintain the same electric field when the transmission
resonances of different thicknesses are observed, which is
actually possible. Previous studies of Gundlach oscillations
have demonstrated that the electric field can be preserved as
long as the tip condition is not changed.22,23) Figure 2(a)
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Fig. 1. Calculated energy level of the lowest transmission resonance

(LTR) as function of film thickness w (atomic layers) for � values in the unit

of g. (a), (b), (c), and (d) correspond to � ¼ 0:19, 0.81, 1.04, and 1.18,

respectively. The behavior of the LTR significantly changes with �.
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shows the dI=dV spectra of Ag films with thicknesses from
four to nine layers at the same electric field. The number at
the right end of each spectrum denotes the film thickness.
In each spectrum, the peak feature (marked by the black
arrow) is the LOTR. The second-order transmission
resonance (indicated by the gray arrow) can be observed
for thicknesses beyond seven layers. Other peaks in the
spectrum correspond to the well-known standing-wave states
(or Gundlach oscillations) in tunneling gap.24–27) It can be
seen that the energy of LOTR shifts toward lower energy
with increasing thickness except for the LOTR in the six-
layer spectrum. Our previous study has explained that this
LOTR cannot be distinguished from the nearby standing-
wave state because of the effect of the electric field,20) and
thus it is not taken into account. Since there is no
observation of a discontinuous jump or a drop for the
LOTR, as in the case shown in Figs. 1(a), 1(b), and 1(d), it is
plausible to infer that the behavior of the LOTR in Ag films
can be described using the case in Fig. 1(c). That is, the

quantum number of the LOTR in the Ag film with thickness
w is equal to wþ 1 and the energy level is proportional to
ðwþ 1Þ2=w2. Figure 2(b) shows the measured energies of
the LOTRs with respect to the Fermi level (zero sample bias)
in Fig. 2(a) versus ðwþ 1Þ2=w2. It reveals a good linear
relationship, indicating the case in Fig. 1(c) satisfactorily
explains the phenomenon of the transmission resonance in
Ag films. This also implies that the derived formula can be
exploited in the STM with the electric field. In terms of
eq. (6), the g-value (8.592 eV) can be obtained from the
slope in Fig. 2(b), and the effective mass m of the electron of
the LOTR can be calculated using eq. (7) with an STM
measured interlayer spacing d of 2.5 �A, which is 0.7 m0. This
is the first time, to our knowledge, that the electron effective
mass in Ag films has been obtained from the transmission
resonance.

As shown in Figs. 1(c) and 1(d), the lowering in the
LOTR with the relation of ðwþ 1Þ2=w2 only holds for
thinner Ag films. When the film has a critical thickness wc,
the quantum number of transmission resonance would
become wc þ 2, implying that the LOTR with wc þ 1 would
disappear at the critical thickness, and thus the energy level
of the transmission resonance has a discontinuous jump.
Figure 3 shows the LOTR (marked by an arrow) observed
in the film with thicknesses ranging from 12 to 24 layers.
These signals of the LOTRs are weak, yet reproducibly
appear in the dI=dV spectra. It can be seen that the LOTR
keeps moving toward lower energy as the thickness is
increased, indicating that the disappearance of the LOTR
occurs at a larger thickness. However, it can also be
determined from the inequality ðn=wÞ > � that n can always
be equal to wþ 1 as � is 1. The discontinuous jump may not
happen in this situation. Therefore, it is necessary to observe
the behavior of transmission resonance on thicker films to
determine which case would be manifested. Figure 4
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Fig. 2. (Color online) (a) Differential spectra acquired in Ag films with

thicknesses from four to nine layers. The number at the right end of each

spectrum denotes the film thickness. In each spectrum, the peak feature

marked by the black arrow is the lowest-order transmission resonance

(LOTR). The second-order transmission resonance (gray arrow) can be

observed for thicknesses beyond 7 layers. Other peaks in each spectrum are

the well-known standing-wave states in the tunneling gap. (b) The measured

positions of the LOTRs in (a) vs ðwþ 1Þ2=w2, revealing a good linear

relationship, where w is the film thickness (atomic layers).
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demonstrates the LTRs (marked by arrows) in the spectra of
film thicknesses from 24 to 27 layers. The values in
parentheses are the energies of the LTRs, indicating that the
discontinuous jump indeed appears in the 27-layer film
because the energy level of the LTR is higher than that in the
26-layer film, but very close to that in the 25-layer film. This
implies that the LOTR vanishes at a critical thickness of 27
layers and the observed LTR belongs to the next order.
Since the transmission resonance should appear above the
vacuum level and its lowest energy we can observe is
4.22 eV, it is plausible to assume that the work function of
the Ag film is 4.22 eV.

However, it is known from photoemission studies that the
work function of a Ag film with a 27-layer thickness should
be equal to the bulk value of 4.6 eV,28,29) and the assumed
value is obviously smaller. In order to explain this
inconsistency, an assumption is suggested here that the
depth of the potential well at the Ag/Si interface (U2) is
smaller than that at the vacuum/Ag interface (U1), as shown
in Fig. 5(a). According to quantum mechanics, the transmis-
sion resonance can still appear in the region between the
U1 and U2 as long as the electron wavevector k satisfies
eq. (1).30) Therefore, although the energy of the transmission
resonance is lower than the vacuum level of 4.6 eV, it can
still be observed because its energy is higher than another
level named substrate level here at the Ag/Si interface,
whose energy is 4.22 eV above the Fermi level. Moreover,
the edge of the band gap in the projected bulk band structure
of the Ag(111) surface is 3.9 eV above the Fermi level,31)

which is lower than the substrate level. Thus, it is confirmed
that the disappearance of the transmission resonance is due
to its energy being lower than the substrate level rather than
the meeting of the band gap.

The potential well in Fig. 5(a) is not symmetric but the
formula derivation is based on the symmetric well. This
implies that the emergent condition in eq. (1) is still valid
for the transmission resonance in the asymmetric well. In
order to prove this point, the spectra of the transmission
probability T as a function of kinetic energy are calculated
using

1

T
¼ 1þ U2 sin2ðktÞ

4EðEþ UÞ ð8Þ

for the symmetric well1) and

1

T
¼ A cos2ðktÞ þ B sin2ðktÞ

4EaE1=2Eb
1=2

ð9Þ

for the asymmetric well,31) where

Ea ¼ Eþ U1; ð10Þ
Eb ¼ Eþ U1 � U2; ð11Þ
A ¼ EaðE1=2 þ Eb

1=2Þ2; ð12Þ
B ¼ ðEa þ E1=2Eb

1=2Þ2; ð13Þ
as shown in Fig. 5(b). In the calculation, U1 is 8 eV as cited
from previous study,15) and U2 is 7.6 eV because the energy
difference between the vacuum level and the substrate level
is about 0.4 eV here. Figure 5(b) shows that the energies of
the transmission resonances as marked by arrows are the
same in both cases, indicating that the derived formula is
still valid in describing the transmission resonance of the
asymmetric well. The distinct difference between these two
cases is that the transmission probability of each local
minimum (marked by dashed line) is higher for the
asymmetric well.

4. Conclusions

In summary, a formula has been derived to relate the energy
of the transmission resonance with the thickness of thin
metal films. The energy–thickness relation can vary with the
physical properties of the metal films, such as the interlayer
spacing, derived inner potential, and effective mass of
electrons. We apply the formula derived to the lowest
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order transmission resonance in Ag films grown on the
Si(111)7�7 surface. It is found that the behavior of shifting
toward lower energy with increasing thickness w can be well
represented by ðwþ 1Þ2=w2. This indicates that the formula
holds in the case in the free space but still is applicable to the
STM using an electric field. The formula also predicts that
the transmission resonance of the lowest order will disappear
when a Ag film reaches its critical thickness, which has been
observed to be 27 atomic layers.
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